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Abstract
The question under consideration is whether every locally nilpotent R-derivation of R[X,Y,Z] with
a slice has kernel A generated by two elements over R, where R is a polynomial ring over a field of
characteristic zero. Theorem 1.1 gives a fundamental property of such kernels, namely, that A is an A2-
fibration over R. While it is an open question whether every A2-fibration over R is trivial, the property of
A asserted in the theorem is necessary to the condition that A is a polynomial ring in two variables over R.
The last section of the paper presents a family of examples θn (n 1) which are quite simple to define, but
whose status relative to the kernel question is not known.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
The problem under consideration is the following: For a field k of characteristic 0, and a
commutative k-algebra R, let R[X,Y,Z] denote the polynomial ring in three variables over R.
Main Question. If D is a locally nilpotent R-derivation of R[X,Y,Z], and if D has a slice,
is the kernel of D generated by two elements over R?
The standard example to keep in mind is a partial derivative over R, like ∂/∂X. Indeed, our ques-
tion is equivalent to asking whether every locally nilpotent R-derivation of R[X,Y,Z] having a
slice is conjugate to ∂/∂X via an R-automorphism of R[X,Y,Z].
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Theorem. If D is a locally nilpotent R-derivation of R[X,Y ] and if the ideal generated by
the image of D contains 1, then D is R-conjugate to ∂/∂X.
This result was first proved by the author and Daigle in [6] for the case R is a UFD. The general
case is due to Berson, van den Essen, and Maubach; see [9, Theorem 4.16]. See also [4].
For some classes of rings, like R a Dedekind domain, the answer to the Main Question is
known to be positive [7]. In general, however, the answer to our Main Question is negative:
There are known counterexamples, even for nice base rings R. An example is discussed below
(Section 3.2). Nonetheless, we show that such kernels always have the structure of an affine
fibration over R, as follows.
Theorem 1.1. Suppose that R is a commutative k-algebra. If D is a locally nilpotent R-
derivation of R[X,Y,Z] which admits a slice, then the kernel of D is an A2-fibration over R.
Its proof, given in Section 3.1, is based on the Cancellation Theorem for Surfaces. Affine
fibrations are discussed in Section 2.1 below.
In this paper, we investigate the Main Question when R is a polynomial ring over k. In this
case, note that the Main Question is equivalent to the following: Let D be a locally nilpotent
derivation of the polynomial ring k[x1, . . . , xn] = k[n] such that D has a slice and rank(D) 3.
Does it follow that rank(D) = 1? (See Section 2.2 below for definition of the rank of a derivation
of a polynomial ring.) Special attention is given to the case R = k[a, b], a polynomial ring in
two variables over k. This is an important case in which the answer to the Main Question is not
known. More generally, it is an open question whether every A2-fibration over R is trivial when
R is a polynomial ring over k.
In Section 4, we introduce and study a new family of examples for which the answer to
our Main Question is not known, using R = k[a, b]. Although these examples are remarkably
simple, one does not expect an easy solution to the problem posed in our Main Question for
these derivations, since the initial member of this family gives an A2-fibration equivalent to one
of those constructed by Vénéreau in 2000; it corresponds to the case n = 2 in the paper [12].
For this single case, we are able to show that the kernel A1 is generated by four elements over k
(Lemma 4.1). But even this weaker property is unknown for the family in general.
2. Preliminaries
Throughout, k denotes a fixed ground field, and rings are assumed to be commutative. For
any field F , affine n-space over F is denoted by AnF , or simply An when the underlying field is
understood. For a ring A and positive integer n, A[n] is the polynomial ring in n variables over A.
If B is a domain and A is a subring of B , then tr.degA(B) denotes the transcendence degree of
the field frac(B) over frac(A). The units of B are denoted by B∗.
2.1. Affine fibrations
Let A be an algebra over a ring R. If p is a prime ideal of R, then Rp is the localization of R
determined by p, and κ(p) denotes the residue field Rp/pRp.
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if A is finitely generated as an R-algebra, flat as an R-module, and for every p ∈ SpecR,
κ(p)⊗R A ∼= κ(p)[m].
Geometrically, in this case if X = SpecA, Y = SpecR, and ϕ : X → Y is the morphism induced
by the inclusion R → A, then ϕ will be called an Am-fibration of X over Y . Note that if A is
an Am-fibration over R then A is faithfully flat over R (by flatness and surjectivity of SpecA →
SpecR), so the homomorphism R → A is injective.
Suppose A is an affine fibration over R (i.e., A is an Am-fibration for some non-negative
integer m). This fibration is said to be trivial if A = R[m], i.e., A is a polynomial algebra over R.
Likewise, the fibration is stably trivial if A[n] = R[m+n] for some n 0, and we say that A is a
stably polynomial algebra over R.
One fact needed is the following, which is gotten by combining results of Sathaye [19] and
Bass, Connell and Wright [3].
Proposition 2.1. (Corollary 2.2 of [5].) Suppose that A is an A2-fibration over a ring R which
contains Q. If I is an ideal of R such that R/I is a principal ideal domain, then A/IA =
(R/I)[2].
2.2. Locally nilpotent derivations
By a locally nilpotent derivation of a commutative ring B of characteristic 0, we mean a
derivation D :B → B such that, to each b ∈ B , there is a positive integer n with Dnb = 0.
The kernel of D is denoted kerD. Let D :B → B be a non-zero locally nilpotent derivation,
where B is an integral k-domain (characteristic k = 0). If A = kerD, then it is known that A is
factorially closed in B , B∗ ⊂ A, and tr.degAB = 1. We say that D is irreducible if the image DB
is contained in no proper principal ideal of B . The ideal of B generated by the image of D is
denoted by (DB).
The notation LND(B) denotes the set of all locally nilpotent derivations of B . Likewise, if R
is a subring of B , then LNDR(B) denotes the set of locally nilpotent derivations D of B with
D(R) = 0. If D ∈ LND(B), then the exponential map, expD, is a k-algebra automorphism of B .
Given D ∈ LND(B), an element s ∈ B is a slice for D if Ds = 1. One of the most important
facts in the theory of locally nilpotent derivations is the Slice Theorem, which asserts that if
D ∈ LND(B) admits a slice s, and if A = kerD, then B = A[s] and D = d/ds. In this case,
πs :B → A denotes the associated Dixmier map of k-algebras, defined by
πs(f ) =
∑
i0
(−1)i
i!
(
Dif
)
si (f ∈ B).
In the case B = k[n] for n 1, the rank of a k-derivation D of B is defined to be the least in-
teger r ∈ {0,1, . . . , n} such that there exists a coordinate system B = k[x1, . . . , xn−r , y1, . . . , yr ]
with the property that k[x1, . . . , xn−r ] ⊂ kerD. The rank is a convenient way to classify deriva-
tions. For example, if R = k[m] for some integer m 0, and B = R[X,Y,Z] = k[n+3], then the
rank of any non-zero element of LNDR(R[X,Y,Z]) is equal to 1, 2, or 3.
A reference for locally nilpotent derivations is the recent book [9]; a discussion of rank is
found in 3.2.1.
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The Affine Cancellation Theorem for surfaces is as follows.
Theorem 2.1. Let k be an algebraically closed field. If Y is an affine algebraic surface over k
and Y × An ∼= An+2 for some n 0, then Y ∼= A2. Equivalently, if A is an affine k-domain and
A[n] = k[n+2], then A = k[2].
This was first proved by Fujita, Miyanishi, and Sugie in the case k is of characteristic 0; the
case for fields of positive characteristic is due to Russell [10,16,18].
By using the following theorem of Kambayashi [13], we can remove the condition that k be
algebraically closed in certain situations.
Theorem 2.2. Let k and K be fields such that K is a separable algebraic extension of k. Suppose
A is a commutative k-algebra for which K ⊗k A ∼= K [2]. Then A ∼= k[2].
By combining these two results, we obtain:
Corollary 2.1. Let k be a field of characteristic 0, and let A be an affine k-domain such that
A[n] = k[n+2] for some n 0. Then A = k[2].
Proof. Let k¯ be the algebraic closure of k. Then
(k¯ ⊗k A)[n] = k¯ ⊗k
(
A[n]
)= k¯ ⊗k k[n+2] = k¯[n+2].
By the Cancellation Theorem, we conclude that k¯ ⊗k A = k¯[2], and by Kambayashi’s Theorem
in turn, that A = k[2]. 
Corollary 2.2. Let k be a field of characteristic 0, and suppose R is a commutative k-algebra. If
A is an R-algebra such that A[n] = R[n+2] for some n 0, then A is an A2-fibration over R.
Proof. Note first that it is clear A is finitely generated as an R-algebra. In addition, since A[n] is
faithfully flat over A and also faithfully flat over R, we conclude that A is faithfully flat over R
(descent property).
For each p ∈ Spec(R), we have
(
κ(p)⊗R A
)[n] = κ(p)⊗R A⊗A A[n] = κ(p)⊗R R[n+2] = κ(p)[n+2].
By the preceding corollary, we conclude that κ(p)⊗R A = κ(p)[2]. 
3. Results for R[X,Y,Z]
Hereafter, we assume that the field k is of characteristic 0. Consider the ring R[X,Y,Z] =
R[3], where R is a commutative k-domain. For f ∈ R[X,Y,Z], let fX denote the partial deriva-
tive ∂f/∂X, and likewise for fY and fZ .
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With the preliminaries above, the proof of Theorem 1.1 is now straightforward: Suppose that
D is a locally nilpotent R-derivation of R[X,Y,Z] which admits a slice s. By the Slice Theorem,
R[X,Y,Z] = A[s], where A is the kernel of D. Therefore, by Corollary 2.2, A is an A2-fibration
over R. 
3.2. An instructive example
It was shown by Raynaud [17] that if R is the affine ring R = C[a, b, c, x, y, z]/(ax + by +
cz − 1), then the unimodular row (a, b, c) cannot be completed to an invertible square matrix
over R. Using such rings, van den Essen and van Rossum [8] demonstrated the following result;
the proof given below is considerably shorter than their original proof.
Proposition 3.1. For the ring R = C[a, b, c, x, y, z]/(ax + by + cz − 1), define D ∈
LNDR(R[X,Y,Z]) by DX = x, DY = y, and DZ = z, and set A = kerD. Then D has slice
s = aX + bY + cZ and R[X,Y,Z] = A[s], but A is not generated by two elements over R.
Proof. Assume to the contrary that A = R[f,g] for some f,g ∈ A. Then by the Slice Theo-
rem, R[X,Y,Z] = A[s] = R[f,g, s]. Let α denote the R-algebra automorphism of R[X,Y,Z]
defined by X → f , Y → g, Z → s. Since α is invertible, its jacobian determinant is a unit, i.e.,
det
(
fX fY fZ
gX gY gZ
sX sY sZ
)
= det
(
fX fY fZ
gX gY gZ
a b c
)
∈ R∗.
Modulo the ideal (X,Y,Z), this equation yields
det
(
fX(0) fY (0) fZ(0)
gX(0) gY (0) gZ(0)
a b c
)
∈ R∗,
contradicting the fact that the row (a, b, c) does not appear in any element of GL3(R). Therefore,
no such pair f,g exists. 
Remark. Combining this result with Theorem 1.1, we see that, in this example, A is a non-
trivial (but stably trivial) A2-fibration over R. In general, there are two kinds of obstructions
for an A2-fibration X → S over an integral scheme S to be trivial: Suppose X → S is a non-
trivial A2-fibration. Then either X → S is not locally trivial in the Zariski (or étale) topology,
or X → S is a non-trivial vector bundle of rank 2. In this example, Spec(A) is a non-trivial (but
stably trivial) vector bundle of rank 2 over Spec(R). Raynaud’s original construction was based
on the idea used in Hochster’s classical counterexample to the Zariski Cancellation Problem [11].
Hochster exploited the fact that the tangent bundle of the real 2-dimensional affine sphere is a
non-trivial (but stably trivial) rank-2 vector bundle.
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For polynomial rings, the jacobian derivations are of central importance. For a commutative
k-algebra R, let P,Q ∈ R[X,Y,Z] be given. Then dP ∧ dQ denotes the R-derivation defined
by
(dP ∧ dQ)(f ) = det ∂(P,Q,f )
∂(X,Y,Z)
, f ∈ R[X,Y,Z].
In other words, dP ∧ dQ is the derivation D of R[X,Y,Z] for which DR = 0, and
DX = PYQZ − PZQY , DY = PZQX − PXQZ, DZ = PXQY − PYQX.
Another notation for this derivation is Δ(P,Q).
Lemma 3.1. Let R be a commutative k-domain. If D ∈ LNDR(R[X,Y,Z]) has a slice, and if
kerD = R[P,Q] for some P,Q ∈ kerD, then D = λ(dP ∧ dQ) for some λ ∈ R∗.
Proof. By hypothesis, there exists s ∈ R[X,Y,Z] such that Ds = 1. By the Slice Theorem, it
follows that R[X,Y,Z] = R[P,Q, s]. Let α denote the R-automorphism of R[X,Y,Z] sending
X → P , Y → Q, and Z → s. Since (dP ∧ dQ)(s) is the jacobian determinant of the invertible
map α over R, it follows that (dP ∧ dQ)(s) ∈ R∗. Therefore, Ds = 1 = λ(dP ∧ dQ)(s) for
some λ ∈ R∗. Since also
DP = λ(dP ∧ dQ)(P ) = 0 and DQ = λ(dP ∧ dQ)(Q) = 0,
it follows that D = λ(dP ∧ dQ), since these two derivations agree on a set of generators
over R. 
3.4. The case R is a polynomial ring
The following result generalizes Corollary 2.3 of [5], and has obvious connections to our Main
Question.
Theorem 3.1. Let R = k[n] for some n 1, and let A be an A2-fibration over R. Then:
(i) kerd = R[1] for every non-zero d ∈ LNDR(A).
(ii) A = R[2] if and only if there exists d ∈ LNDR(A) with a slice.
Proof. Note first that the homomorphism R → A is injective (see Section 2), so we may assume
R ⊂ A. Second, note that the hypotheses imply that tr.degRA = 2. Third, by the Slice Theorem,
part (ii) follows immediately from part (i), so it suffices to prove (i).
Let d ∈ LNDR(A) be given, d 	= 0. Since tr.degR A = 2, it follows that tr.degR(kerd) = 1.
Also, since kerd is factorially closed in A, kerd is a UFD.
By Asanuma (Theorem 3.4 of [2]), there exists m  0 such that R ⊂ A ⊂ R[m]. Therefore,
R ⊂ kerd ⊂ R[m], where R and kerd are UFDs and tr.degR(kerd) = 1. It follows from a classi-
cal result of Abhyankar, Eakin, and Heinzer that kerd = R[1] (Theorem 4.1 of [1]). 
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Main Question. The second concerns a generalization of both the theorem concerning R[X,Y ]
quoted in the introduction, and part (ii) of Theorem 3.1 above.
Question 1. Assume R = k[n] for n  2. Define D ∈ LNDR(R[X,Y,Z]) to be triangular if
DX ∈ R, DY ∈ R[X], and DZ ∈ R[X,Y ]. If D is triangular and has a slice, is kerD = R[2]? 1
Question 2. Assume R = k[n] for n 2, and suppose A is an A2-fibration over R. If there exists
d ∈ LNDR(A) such that 1 ∈ (dB), does it follow that A = R[2]?
4. A family of examples
Throughout this section, R = k[a, b] = k[2].
4.1. Definition
Given an integer n 1, define Tn, vn, tn ∈ R[X,Y,Z] by
Tn = anY + bZ +X2, vn = bX + anTn, tn = Z + bvnY − 2vnXTn − bv2nT 2n .
Define θn ∈ LNDR(R[X,Y,Z]) by
θnX = −an, θnY = 2(X + bvnTn), θnZ = 1 − 2anvnTn,
and set An = ker θn. By direct computation, we see that
θnTn = b, θnvn = 0, θ3nY = θ3nZ = 0, and θntn = 1.
By Theorem 1.1, we conclude that each An (n 1) is an A2-fibration over R.
4.2. Kernel generators
We have R[X,Y,Z] = An[tn] for all n  1, but the question whether An = R[2], or even
if An = k[4], is difficult. Following are two positive results, the first of which indicates that
A1 = k[4].
Lemma 4.1. t1 is a b-variable of R[X,Y,Z] = k[a, b,X,Y,Z].
Proof. Define a k-derivation D of R[X,Y,Z] by
Da = −b2, Db = 0, DX = bT1, DY = 0, DZ = bY − 2XT1.
Then DT1 = Dv1 = 0, and from this it follows easily that both D and v1D belong to
LND(R[X,Y,Z]). Since exp(v1D)(b) = b and exp(v1D)(Z) = t1, we conclude that t1 is a b-
variable of R[X,Y,Z]. 
1 In Theorem 3.4 of [15], K. Masuda states that a triangular derivation of k[n] having a slice is conjugate to a partial
derivative. However, Masuda’s proof was found to be incomplete, and the problem remains open.
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We have the necessary condition:
Lemma 4.2. If f ∈ R is a variable of R (i.e., R = k[f ][1]), then An/fAn = k[3] for all n 1.
Proof. This is an immediate consequence of Proposition 2.1. 
For any n 1, note that An is generated over R by
πn(X) = X + antn,
πn(Y ) = Y − 2(X + bvnTn)tn +
(
b2vn − an
)
t2n,
πn(Z) = Z −
(
1 − 2anvnTn
)
tn − anbvnt2n,
= −vn
(
bY − 2XTn − bvnT 2n − 2anTntn + anbt2n
)
where πn :R[X,Y,Z] → An is the Dixmier map of θn for the slice tn.
Rationally, if Ra and (An)a denote localizations at a, then there exists wn ∈ An such that
(An)a = Ra[vn,wn]. To see this, note that −X/an may be regarded as a slice when θn is extended
to Ra[X,Y,Z]. Thus, if πX is the Dixmier map for this slice, then (An)a is generated over Ra by
πX(X) = 0,
un := a2nπX(Y ) = a2nY + 2an(X + bvnTn)X +
(
b2vn − an
)
X2,
wn := anπX(Z) = anZ +
(
1 − 2anvnTn
)
X − bvnX2.
Since vn = un + bwn, it follows that (An)a = Ra[vn,wn].
Similarly, Tn/b is a slice when θn is extended to Rb[X,Y,Z]. Since Rb[X,Y,Z] =
Rb[vn,Y,Tn], it follows that (An)b = Rb[vn, bπT (Y )], where πT is the Dixmier map for Tn/b.
These localizations yield the following geometric interpretation. Let Wn = Spec(An) and V =
Spec(R), and let pn :Wn → V be the morphism induced by the inclusion R → An. Then pn
defines an A2-fibration over A2. By combining the main result of Bass, Connell and Wright [3]
with the Quillen–Suslin Theorem, global triviality of pn will follow if it can be shown that pn is
locally trivial. Define open sets Ua,Ub of V by a 	= 0 and b 	= 0, respectively. Then p−1n (Ua) =
Ua × A2 and p−1n (Ub) = Ub × A2. The question is whether there exists a third open set U0 of
V containing the origin such that p−1n (U0) = U0 × A2. If so, then pn is a locally trivial (hence
globally trivial) affine fibration.
4.3. Applying the inequality of Shestakov and Umirbaev
Suppose deg is a degree function on R[X,Y,Z] defined by positive integers d1 = degX,
d2 = degY , and d3 = degZ, where degf  0 if and only if f ∈ R. Following Kuroda [14], 2.4,
we define for P,Q ∈ R[X,Y,Z] the degree of dP ∧ dQ by
max
{
deg(dP ∧ dQ)(X)+ d2 + d3, deg(dP ∧ dQ)(Y )+ d1 + d3,
deg(dP ∧ dQ)(Z)+ d1 + d2
}
.
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deg r = 0 for non-zero r ∈ R, and degX = degY = degZ = 1. Given n 1, suppose that there
exist P,Q ∈ An such that An = R[P,Q] and degP  degQ. Then degP  4 and degP |degQ.
Proof. Define l = degP , m = degQ, and δ = gcd(l,m). Write l = pδ and m = sδ for integers
p  s. By Lemma 3.1, we may assume that θn = dP ∧ dQ. It follows that deg θn = deg(dP ∧
dQ) = 6 (independent of n).
Set L = k(a, b), the quotient field of R. Then L[vn,wn] = L[P,Q], where degvn = 2 and
degwn = 5 (independent of n). It is thus clear that L[vn,wn] (and hence An) contains no element
of degree one or 3, and that f ∈ An is of degree 2 if and only if f ∈ (L+Lvn)∩An = R +Rvn.
(This last equality follows from the property that R[vn] is factorially closed, as shown below.)
Since R[X,Y,Z] = R[P,Q, tn] by hypothesis, P is a variable of R[X,Y,Z]. Modulo (a, b),
it follows that P¯ is a variable of k[X,Y,Z], whereas any f ∈ R + Rvn has f¯ ∈ k. Therefore,
P /∈ R +Rvn, so l = degP  4, as claimed.
Let Φ(x,y) ∈ L[x, y] = L[2] be such that vn = Φ(P,Q). In fact, since vn ∈ R[P,Q], it
follows by uniqueness of coefficients that Φ ∈ R[x, y]. If degy(Φ(x, y)) = 0, then vn ∈ L[P ].
But then degP divides degvn = 2, a contradiction. So degy(Φ(x, y)) 	= 0.
Write degy(Φ(x, y)) = pq + r for integers q, r with 0  r < p. According to the main in-
equality of Shestakov and Umirbaev [20, Theorem 3], degΦ(P,Q) qN +mr , where
N = (lm/δ)− l −m+ deg(dP ∧ dQ) = (ps − p − s)δ + 6.
Therefore, 2 = degvn  qN + mr . Note that this implies 2  qN , since m and r are non-
negative.
If q = 0, then r = degy(Φ(x, y)) > 0, which implies 2mr . Since m and r are both positive
in this case, this means l m 2, a contradiction.
Therefore, q > 0. When combined with the inequality qN  2, we obtain N  2. It follows
that
N = (ps − p − s)δ + 6 2 ⇒ ps − p − s < 0
⇒ p < s
s − 1 = 1 +
1
s − 1 ⇒ p = 1.
Therefore, l = δ, which divides m. 
The inequality of Shestakov and Umirbaev used in this proof has recently been generalized by
both Kuroda [14] and Vénéreau [21]. Each obtains the original inequality as a corollary, avoiding
the ∗-reduced pair condition used by Shestakov and Umirbaev. By using their generalized results,
one can get conditions on the degrees of P and Q above for other degree functions. For example,
if b has degree one instead of zero, let P¯ , Q¯ be the highest-degree summands of P and Q relative
to this grading. Then it is easy to see that Q¯ is algebraic over k(a)[b, P¯ ]. Using Vénéreau’s
generalized inequality [21, Corollary 1], the same argument given above shows that the degree
of the minimal polynomial of Q¯ over k(a)[b, P¯ ] is one.
In order to complete the proof above, we need:
Lemma 4.3. For each n 1, R[vn] is factorially closed in An.
G. Freudenburg / Journal of Algebra 322 (2009) 3078–3087 3087Proof. Define En ∈ LNDR(R[X,Y,Z]) by En = an ∂∂Z − b ∂∂Y . It is well known that kerEn =
R[X,Y ′] = R[X,Tn], where Y ′ = anY + bZ. Since En and θn commute (as is easily checked), it
follows that θn restricts to kerEn. In particular, θnX = −an and θnTn = b. Thus, the kernel of θn
restricted to kerEn is R[anTn + bX] = R[vn]. Therefore, R[vn] is factorially closed in kerEn.
Since kerEn is factorially closed in An, it follows that R[vn] is factorially closed in An. 
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